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ABSTRACT 
An elementary proof of an eigenvalue perturbation result is given. 
It is always nice to have simple and elementary proofs of interesting 
relationships. This note provides such a proof of an eigenvalue perturbation 
result. 
Suppose A is a real, symmetric n X n matrix given in the form 
A=[; z]=rH U]+[C “‘I> 
where H is m X m. This situation often arises when we are going through 
some elimination procedure on A, and we know H and C, but U is 
unknown. In particular, we would like to know what the eigenvalues of H, 
A, < A < ‘a* < A,, 
[ q 
say about the eigenvalues of A. If C has rank k, then 
c* has rank 2k, and the monotonicity theorem [4, p. 1931 implies that 
eG2r-y interval [ Ai, A. r+2k]r 1 < i < m - 2k, contains an eigenvalue of A. In 
this light, the theorem below is surprising. 
In [l] a proof of the theorem for the case k = 1 is given, and it is stated 
that the general case follows from Lehman’s optimal interval theorem [3], a 
deep and difficult theorem. Following is an extension of the proof in [l] to 
the general case. 
THEOREM. Let A, H, C, U, A,, . , A, be as above, where rk(C) = k. 
Then every [hi, Ai +k], 1 < i < m - k , contains an eigenvalue of A. 
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Proof. Let H vi = A i vi, 1 < i < m, the ui’s orthonormal. Since rk(C) 
= k. we can write C as 
c = lqw; + .-. +l.Qw;, uj E R”_“, wj E R”, 
and the wj’s are linearly independent. 
Pick an i. For dimensional reasons, there is an x in span{ vi, . . . , u~+~}, 
llxllz = 1, that is perpendicular to all the wj’s. Then Cx = 0. Let y = (Ai + 
hi+,)/2 and F = Ai+k - y. 
Let x = aiui + 1.1 +ai+k~j+k, uf + *a* +~f+~ = 1, and let 
Then 
=IIaj(Aj - Y)Ui + ... +“j+k(Ai+k - Ybi+k II: 
= &hi - y)” + ... +u:+~( Ai+k - y)’ 
< uf62 + ... +a;+# = a2. 
Thus ll(A - yZ)zll =z 6, so that by a standard result there is an eigenvalue of 
A in [y - 6, y + S] = [hi, Aitk] (see [4, Theorem 4-5-l]). n 
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